INTRODUCTION
Variational inequalities are used in theoretical studies for many free boundary problems. Such problems commonly occur in a variety of disciplines, e.g. elasticity, crystal growth etc.. There are already a lot of results about the existence and the regularity of solutions for second order variational inequalities (see [5] , [15] , [27] for instance). There are also With (Cl)-(C3), it is also easy to verify that K is closed and convex. In addition, K is nonempty since ~ E K. Remark 1.1. -If the boundary condition in the definition of K is not homogeneous, but still sufficiently smooth, by a translation argument we can reduce the problem to the homogeneous case (see also [19] , Remark Here, T = I, V = B and X = {x E > ©~. This is just the case discussed in [19] ;
. Ex. c. In [8] , the closed convex set considered is II~ _ ~ v E I~2 ( SZ ) :
v More examples of the closed convex sets of the form of (1.3) can also be found in [18] and [20] .
Remark 1.2. -The structures of the closed convex sets should be carefully defined. If the condition for the closed convex set K is too strong, K may reduce to ~0~, so that, the problem has only the trivial solution 0 (see Remark 3.7 as well).
The outline of the paper is as follows. In Section 2, some lemmas, which will be used later, are collected; In Section 3, we discuss the regularity of the solution of problem (1.1) by using the maximal function method. Here, the six different cases are discussed, for three different definitions of T's (differential operator, integral operator or integrodifferential operator) and for two different image sets (containing a big ball or a cone). The key in this section is to look for test functions which are in K and are suitable for the maximal function method. In Section 4, we discuss the convergence of the solutions with converging convex sets. Then applying these results and the results in [18] , we extend the regularity results of the solutions of problem (1.1) of Section 3 to more general closed convex sets.
PRELIMINARIES.
In this section we present some preliminary lemmas that will be used in the sequel.
First of all, we introduce a symbol ",~". Let a(r) be a nonnegative function of r, if then, a(r) c(r), and ~l~ > 0, ~ro > 0 such that Vr ro, a(r) > kc(r).. Then, where C depends on N, p, q, c and the cone condition of cv, but does not depend on r.
Proof -It is similar to the one of Proposition 1 in [23] when cv = Bxo,r. Then, where C depends on N, p, q, c, c', and the cone condition of cv, but does not depend on r.
Proof. -The proof is similar to the one of Lemma 2.1. The argument on the boundary, using its smoothness, can be found in [10] . Proof. -The proof is similar to the one of Lemma 2.3 in [19] Proof.
-(See also [20] Proof -A special case of the first part of this lemma, w = Bxo,r, can be found in [23] and [19] . The Proof. -The proof of this lemma can be found in [11] (see also, e.g., in [6] , [14] , [23] Proof. -(See also [4] ). From (Al)-(A3), we know that the operator A is pseudo-monotone in a reflexive Banach space by [21] (the definition of the pseudo-monotone can be found in Definition 4.1 later). Review the proof of Theorem 3.1 in [19] (see also Remark 3.2 in [19] ), the test function v := ũ sed in [19] [22] , p69 and [26] [23] , [14] and [19] [23] , [19] [14] , [19] and [23] [14] .(see also [19] and [23] [23] ).
In the same way, in [19] , with o~~ E the condition similar to (3.11 ) 
THE REGULARITY BY CONVERGENCE RESULTS
In this section, we use the results obtained in [18] to get some more regularity results by a limit process.
In the discussions of the last section, we see that a certain smoothness of K is necessary, but, in general, the regularity results do not depend so strongly on this assumption on So that, there is an expectation to weaken this smoothness assumption. The discussions on the convergence of closed convex sets (see [18] , [20] ) make this expectation possible. We give some applications of the convergence of the closed convex sets here, thus we extend the regularity results obtained in the last section.
The convergence of the closed convex sets we discuss here is called the convergence in Mosco sense and/or in local gap. It is stated in [24] and Vol. 14, nO 6-1997.
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J. LIANG [25] that the convergence of the closed convex set in Mosco sense will imply the convergence of the solutions of problem (1.1) if A is monotone (so that the solution is unique). Also discussed there is the convergence of the solutions for a sequence of To study our problem, first of all, we list some definitions and theorems about the convergences we will use and we already have. More results about Mosco convergences can also be found in [3] and its references, as well as in [18] . DEFINITION 4 .1 (see also [9] , [21] Proo,f: -(See also [24] , [25] . Since the definition of A in our case here, which is only pseudo-monotone but has a concrete structure, is different from Mosco's, the proof is different as well.)
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